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Pulse propagation in a transmission line comprising alternately concatenated fibers with O�1�-accumulated
perturbations of self-phase modulation and anomalous dispersion is studied. In such a line, a pulse compression
process is inevitable. In certain conditions, we have found that a compressed pulse can be rescaled to the initial
pulse, and hence that there exists a stationary rescaled pulse �SRP�, which is distinct from other nonlinear
stationary pulses such as the guiding-center, dispersion-managed, or split-step solitons. The properties of SRP
are studied. We apply the rescaling to the transmission line rather than to the pulse, and we experimentally
observe a SRP in a periodically rescaled transmission line.
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The nonlinear Schrödinger �NLS� equation and its station-
ary solutions, such as solitons, have been extensively studied
in various fields of nonlinear wave guides, plasmas, fluids
dynamics, and condensed matter physics. Fiber optics is one
of the most important applications, and studies of nonlinear
stationary pulses propagating through optical fibers with pe-
riodic structure have attracted great interest because such
pulses are useful for high-speed optical soliton transmission
�1–4�, or mode-locked lasers �5,6�. They are discussed as
stationary solutions of the NLS equation with periodically
varying coefficients representing dispersion and nonlinearity
of transmission lines. It is interesting to distinguish such so-
lutions in a sense of perturbations that are induced by the
transmission line and affect pulse propagation. The guiding-
center �GC� soliton �1� or the dispersion-managed �DM� soli-
ton �2� have been discovered, and they have been analyzed
with a focus on the magnitude of the perturbations �7,8�.
According to the GC theory �7�, for the existence of the GC
soliton, the magnitude of oscillating dispersion and/or non-
linearity is allowed to be O�1�, but their accumulated values
within a period of the oscillation should be small as O��� in
the normalized space, where � is a positive small constant.
Meanwhile, in the DM theory �8�, only dispersion is allowed
to accumulate up to O�1�, and accumulated nonlinearity
should be small as O���.

In general, alternate accumulations of self-phase modula-
tion �SPM� and anomalous dispersion cause deformation of
both the time and the spectral wave form of the pulse. This
principle can be used for optical pulse compression, and the
comblike dispersion profiled fiber �CDPF� has been proposed
�9�. In nonlinear and dispersive fibers in the CDPF, the SPM
and the dispersion effects are allowed to accumulate up to
O���, respectively, and the pulse, being compressed during
its propagation, is characterized by the GC theory. On the
other hand, the split-step system, in which both of anomalous
dispersion and SPM alternately accumulated up to O�1� in a
period of the transmission line, has been recently proposed
and a periodic stationary pulse therein, the so-called split-

step soliton, has also been found �3,10�. The wave form of
the split-step soliton varies within a period of the line but
periodically recovers its stationary shape. According to Ref.
�10�, behavior of the split-step soliton can be analyzed by the
variational method with a sech ansatz having linear chirp.
However, such an analysis is applicable only when the mag-
nitude of the accumulated SPM is not greater than O�1�,
because an intensive SPM effect induces nonlinear chirp of
the pulse and the sech ansatz would be no longer valid.
Therefore, numerical study rather than variational analysis
should be applied.

Let us then consider pulse propagation in a transmission
line where SPM and dispersion effects are alternately accu-
mulated to an extensive magnitude of O�1�. Pulse compres-
sion process is inevitable in such a line. Let us think of the
following rescaling of pulse u�t�,

ures�t� = R−1/2u�t/R� , �1�

where R is a real rescaling constant. If an optical pulse u0�t�
were compressed to u�t� by a factor of R in a transmission
line and the rescaled pulse ures�t� calculated from Eq. �1�
coincided with u0�t�, and if it could propagate over arbitrary
number of periods of the transmission line in a stationary
manner, u0�t� would then be regarded as a stationary rescaled
pulse of the transmission line. We report in this paper that it
is in fact possible to identify such a stationary rescaled pulse
�SRP� in alternately concatenated optical fibers where the
perturbations such as SPM and anomalous dispersion effects
alternately accumulate up to O�1�. There are many contribu-
tions on nonlinear pulse propagation in periodic transmission
lines with multisegmented fibers �1–11�, and it is the fact that
our proposed transmission line here is a generalization of the
split-step system in the sense of extensive magnitude of the
accumulation of nonlinearity. Indeed, SRP shows qualita-
tively distinct characteristics from the fundamental soliton,
GC soliton, DM soliton, and split-step soliton, because of
introduction of the rescaling as well as different magnitude
of the accumulated perturbations. As we shall discuss later,
the rescaling of the pulse is mathematically equivalent to the
rescaling of the transmission line. The rescaling of the trans-*Electronic address: inoue.takashi@furukawa.co.jp
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mission line is practical while the rescaling of the pulse is
purely mathematical. Because the stationary operation of the
rescaled pulse is logically easy to perceive, we shall focus
first on the rescaling of the pulse to study the fundamental
properties of the SRP.

Pulse propagation in optical fiber is governed by the NLS
equation,

i
�u

�z
+

d�z�
2

�2u

�t2 + �u�2u = 0, �2�

where u , z, and t are the complex envelope of electric field,
length, and time, respectively, and all of them are normal-
ized. d�z� represents fiber dispersion varying along the length
z. We consider a two-sectional function d�z� as a period of a
transmission line as follows:

d�z� = �d1 � O��� �0 � z � z1�; z1 � O�1�
d2 � O�1/�� �z1 � z � z2�; z2 − z1 � O��� ,

�
�3�

where d2�0 — that is, the pulse receives anomalous disper-
sion effect in the second section of a period of the transmis-
sion line. We assume that an optical pulse has the amplitude
and the width of O�1�, which means that in the first section
of a period of the transmission line �0�z�z1�, the orders of
the accumulated SPM and dispersion effects of the pulse are
O�1� and O���, respectively. On the other hand, in the sec-
ond section �z1�z�z2�, the accumulated SPM and anoma-
lous dispersion effects are in O��� and O�1�, respectively.
Thus the transmission line d�z� we are discussing here is
distinct from ones used in the frameworks of the GC theory
or the DM theory in a sense of the magnitude of the accu-
mulated nonlinearity and dispersion.

We adopted the so-called averaging method �12� for find-
ing the SRP of the transmission line defined in Eq. �3�. We
used u�t�= P0

1/2 sech t as the input pulse of the averaging
procedure, where P0 represents the peak power of the pulse.
Specific considerations for the method in this case are the
following two issues: �i� The pulse after propagating through
every period of the line is rescaled by using Eq. �1� with a
rescaling constant R. �ii� Instead of fixing the energy of the
pulse for better convergence as done in Ref. �12�, the peak
power of the pulse is fixed to the initial value P0 at each step
of the procedure. This also compensates a numerical error,
that is, the loss of the pulse energy due to the rescaling of the
time in finite time window.

We show an example of the converged SRP when we
choose d1=−0.0115, d2=16.75, z1=1.2, and z2=1.215 for
d�z�, and P0=2 ,R=2.1 for the peak power and the rescaling
constant of the pulse, respectively. The power profile and the
instantaneous frequency of the SRP are plotted as the lower
and upper curves in Fig. 1�a�, respectively. The instantaneous
frequency is defined as ���t�=−���t� /�t, where ��t� is the
phase of the pulse. uin�t� and uout�t� represent the SRP ob-
served at z=0 and z=z2 in the transmission line defined in
Eq. �3�, respectively, and ures�t� is the rescaled pulse of uout�t�
using Eq. �1�. Figure 1�b� shows the same power profiles in
logarithmic scale. The pulse has a Gaussian-like main lobe

and oscillating tails. These characteristics are similar to the
DM soliton. However, unlike the DM soliton, a nonlinear
down chirp is observed in this case. It is also shown that
uin�t� and ures�t� coincide with each other, where the slight
mismatch of the amplitudes may originate from a numerical
error associated with the rescaling of the pulse in the time.

We examined the stability of the SRP and numerically
confirmed that the SRP could propagate several thousands
periods of d�z� in a periodic stationary manner. We also note
that even if the input pulse has slightly different wave form
from the exact stationary one, it converges on the stationary
one during its propagation. This property is also confirmed
by an experimental result as shown below.

There are two factors characterizing the SRP in a fixed
transmission line, that are the peak power P0 and the rescal-
ing constant R. We have found that we are able to obtain
stationary rescaled pulses having the same P0 and different
R.

Figure 2 shows the power profiles and the instantaneous
frequencies of stationary rescaled pulses having the fixed
peak power of P0=2 and the rescaling constants R=2.4,
2.0 , 1.6, and 1.2. The full width at half maximum �FWHM�
pulse widths �t of the pulses are 1.77, 1.43, 1.22, and 1.04,
respectively. The linear chirp parameters, which is defined
as C= �� /�t����t=0�t2 / �4 ln 2�, are C=0.0910, −0.246,
−0.520, and −0.853 for each case. d�z� is the same as that
used for obtaining the result of Fig. 1.

To qualitatively grasp the propagation characteristics of
the SRP, we investigate the motion of the pulse width �t and
the linear chirp parameter C within a period of d�z�. Figure 3

FIG. 1. �a� Power profiles �lower� and instantaneous frequencies
�upper� of a SRP having P0=2 and R=2.1. �b� The same power
profiles shown in logarithmic scale. In both figures, ures almost
completely overlaps uin.

FIG. 2. Power profiles �lower� and instantaneous frequencies
�upper� of SRPs having the fixed peak power P0=2 for various
rescaling constants R.
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depicts the trajectories of �t�z� and C�z� of the SRPs shown
in Fig. 2. The dotted arrow represents the rescaling of pulse
at z=z2. For all the cases in Fig. 3, C0=C2 and �t0=R�t2,
where Cn	C�zn� , �tn	�t�zn�, and z0=0. The operation of
the rescaling makes the trajectory “closed” and the pulse
then recovers the initial wave form. In Fig. 3, �C	C1−C0
=C1−C2 is almost the same for all the cases, because the
amount of the accumulated SPM at 0�z�z1 is the same. A
SRP with a small R should have a small C1 because a large
value of C1 means a large spectral broadening of the pulse,
i.e., a large rescaling constant R. Consequently, a SRP with a
small R has a large negative value of C0 under the condition
of the same �C. On the other hand, at z1�z�z2, the up
chirp of the pulse is compensated by the anomalous disper-
sion effect, D	d2�z2−z1� /�t1

2
d2�z2−z1� /�t0
2, and the

chirp restores the initial value such that C2=C0. According to
the linear pulse propagation theory, �C= �4 ln 2�D�1+C1

2�

�4 ln 2�d2�z2−z1��1+ �C0+�C�2� /�t0

2 for a Gaussian pulse.
This suggests that a SRP with a smaller R and a larger nega-
tive value of C0 should have a smaller �t0 for the fixed �C.
As another example, we have also obtained the SRPs with a
fixed rescaling constant and varied peak powers. Similar to
the case of the fixed P0 and varied R, a SRP with a larger P0
has a larger negative value of C0 and a smaller �t0. On the
other hand, considering an application of SRP to design of
pulse compressors, it is effective to vary P0 and R simulta-
neously. For example, a SRP with small P0 and R�1 has a
sechlike wave form and a small chirp, in contrast to Fig. 1.

We then analytically estimate the operating parameter
range of the SRP. We introduce a Gaussian ansatz with the
linear chirp parameter as u�0, t�= P0

1/2exp�−b0
2t2�1+ iC0� /2�,

where b0=2�ln 2 /�t0. The spectral rms width of the pulse,
��, can be analytically derived in the presence of the SPM
effect unless dispersion effect is considered �13�. We then
approximately obtain the rescaling constant R from the spec-
tral broadening ratio of the pulse at z=z1 as follows:

R �
���z1�
���0�

= �1 +
�2C0	NL + �4/3�3�	NL

2

1 + C0
2 1/2

, �4�

where 	NL= P0z1.

Figure 4 shows the relation between the rescaling con-
stants R and the linear chirp parameters C0 of the SRPs with
P0=2. The points are the numerical results taken from Fig. 2,
plotted along with the analytically predicted curve from Eq.
�4� with 	NL=2.4. In Fig. 4, the analytical prediction agrees
well with the numerical results. Equation �4� indicates that R
depends on 	NL and C0 but not on b0. A significant insight
obtained from Eq. �4� is that there exists the maximum of R
and it is determined by 	NL and C0. This corresponds to the
fact that the magnitude of SPM determines the spectral
broadening ratio and therefore the compression ratio of the
temporal width of the pulse. In fact, any SRP could not be
obtained for the cases of R�2.5 under the condition of P0
=2 and 	NL=2.4. On the other hand, Eq. �4� indicates a
possibility of the existence of the SRP with R�1. Note that
R=1 corresponds to the split-step soliton �3,10�. However,
our numerical method for obtaining the SRP did not find any
SRP with R�1.

Using the rescaling of pulse, we have discussed the exis-
tence and the properties of the SRP so far. Indeed, the
rescaling of Eq. �1� is equivalent to the rescaling of the trans-
mission line. Replacing u�t� and d�z� in Eq. �2� by R1/2u�Rt�
and d��z�, and introducing new coordinates 
=Rz and �=Rt,
we obtain the following equation:

i
�u

�

+

d��
/R�R
2

�2u

��2 + �u�2u = 0, �5�

for u�
 ,��. If d��
 /R�R=d�
�, Eqs. �2� and �5� are identical,
and the pulse propagation characteristics are equivalent to
each other in their own coordinates z , t, and 
 ,�. In other
words, the behavior of pulse R1/2u�Rt� in the transmission
line d�Rz� /R is equivalent to that of u�t� in d�z�. We then
consider a concatenation of the rescaled transmission lines.
The length and dispersion of fibers in the nth period of such
lines shall be rescaled as z2n−1−z2n−2=z1 /Rn−1 , z2n−z2n−1
= �z2−z1� /Rn−1 ,d2n−1=d1 /Rn−1, and d2n=d2 /Rn−1 for n�2,
respectively. If we assume that the pulse linearly evolves in
anomalous dispersion fibers, we can keep fiber dispersion as
d2n=d2 for all periods. The lengths of anomalous dispersion
fibers are then modified to z2n−z2n−1= �z2−z1� /R2�n−1�. When
the initial pulse u0�t� is a SRP of the first period of the line,

FIG. 3. Trajectories of C�z� and �t�z� in a period of d�z�. The
circles, squares, and diamonds correspond to z=0, z1, and z2, re-
spectively. The dotted arrow means the rescaling of Eq. �1� for each
pulse.

FIG. 4. The rescaling constants R vs the initial chirp parameters
C0 of SRPs with P0=2 �points�. The solid curve is calculated from
Eq. �4� with 	NL=2.4.
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the pulse will propagate over the line being repeatedly com-
pressed by the ratio of R, and the wave form of the pulse at
z=z2n is un�t�=Rn/2u0�Rnt� for n�1. Note that such propaga-
tion could be regarded as “discrete self-similar” propagation,
in contrast with “continuous self-similar” one �14,15�.

We have conducted an experiment in order to observe a
SRP in a periodically rescaled transmission line shown
above. We consider the SRP shown in Fig. 1, that is, P0=2
and R=2.1 for the pulse parameters, and d1=−0.0115, d2
=16.75, z1=1.2, and z2=1.215 for the transmission line d�z�
in the normalized space. The number of periods of periodi-
cally rescaled transmission line is four, and each period in
the physical space consists of concatenations of a highly
nonlinear fiber �dispersion −0.3 ps/nm/km and nonlinearity
19.8 W−1 km−1� and a single-mode fiber �16.3 ps/nm/km
and 1.3 W−1 km−1�. As an input, we use a 40 GHz repeating
out-of-phase sechlike pulse sequence with the 7 ps FWHM
and the 0.357 W peak power, which is generated from the 40
GHz-spaced two-mode compressed through a comblike pro-
filed fiber �16�. To realize the conditions for the SRP and the
transmission line, we set in the physical space the lengths of
the fibers in the first period of the line as LHNLF

�1� =340 m and
LSMF

�1� =285.5 m. The lengths of the fibers in the succeeding
nth period are then given by LHNLF

�n� =LHNLF
�1� /Rn−1 and LSMF

�n�

=LSMF
�1� /R2�n−1�. The expected FWHM of the SRP after propa-

gating nth period of the line is �Tn=�T0 /Rn=72.1−n ps,
that is �T4=0.36 ps. The experimental result was �T1
=3.24, �T2=1.49, �T3=0.767, and �T4=0.375 ps, which
agrees well with the prediction. Figure 5 shows �a� the auto-
correlation traces and �b� the spectra of the experimentally
observed pulse at the end of the fourth period of the line, as
well as the numerically predicted SRP. In both figures, the

experimental result agrees well with the SRP. These results
confirm that an optical sechlike input pulse having the pa-
rameters and the wave form close to a SRP of a periodically
rescaled transmission line approaches to the SRP during its
propagation.

In conclusion, we have discovered a nonlinear stationary
rescaled pulse in a transmission line where the SPM and the
anomalous dispersion alternately accumulate up to an exten-
sive magnitude of O�1�. This pulse is distinct from the GC
soliton, the DM soliton, or the split-step soliton in view of
the accumulated value of the perturbations. We have investi-
gated the characteristics of the SRP and clarified the operat-
ing parameter range. Applying the rescaling to a transmission
line rather than to a pulse, we have proposed a method for
realizing the SRP propagation in fibers, which is applicable
to optical pulse compressors. We have also experimentally
verified a sechlike pulse approaches to the SRP in a periodi-
cally rescaled transmission line.
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FIG. 5. �a� Autocorrelation traces and �b� optical spectra of the
experimentally observed pulse sequence and the SRP.
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